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Abstract-A simple one-dimensional chaotic map, whose spectral decomposition of the Frobenius- 
Perron operator in the space of polynomials has Jordan block structure is given and analyzed. The 
Jordan block structure implies that some correlation functions have exponential decay modified by 
coefficients, which are polynomials in t. Such a correlation is given for this system and a numerical 
simulation, which agrees with the theoretical prediction is presented. 
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1. INTRODUCTION 
Chaotic maps have proven to be very useful as models of unstable dynamics. Since for a discrete- 
time process only one degree of freedom is necessary for chaos, the models may be very simple and 
sometimes amenable to complete analysis. Because of trajectory instability, it is quite natural to 
consider the evolution of probability densities in chaotic systems. The time evolution operator 
for probability densities in chaotic maps is known as the Frobenius-Perron operator [l]. The 
approach to equilibrium of observables and correlation functions may then be studied from the 
spectral properties of the Frobenius-Perron operator. 
For a class of observables, many fully chaotic one-dimensional maps display pure exponential1 
decay. This corresponds to simple eigenvalues of the Frobenius-Perron operator and thus, simple 
poles of its resolvent. Associated with the simple poles, one can construct eigenstates. For some 
maps, the complete spectral decomposition of the Frobenius-Perron operator has been obtained 
and has elements (the left-eigenvectors) in a generalized functional space [2-5). 
The simplest fully chaotic one-dimensional maps are piecewise-linear maps. If the linear 
branches all map onto the unit interval, on which the full map is defined, then the map is 
Markov. In this case, the z auto-correlation function always displays either pure exponential 
decay or is delta correlated [6]. We may ask about the behavior of more general correlation 
functions, where the observables are arbitrary polynomials. If the Frobenius-Perron operator 
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is completely diagonalizable in the space of polynomials, then correlations among polynomials 
will always be a sum of exponentially decaying contributions. If the operator is only reducible 
to a Jordan block form, then the exponential decay will be modified by coefficients which are 
polynomials in the time variable. 
Some two-dimensional maps, including the Baker map, have been shown to have a Jordan 
block generalized spectral decomposition [7]. Until now, no one-dimensional maps with such 
structure have been studied. In fact, piecewise-linear Markov maps are a special case ‘of a class 
of maps for which Mayer and Roepstorff [8] have conjectured, have only simple eigenvalues and 
are thus completely diagonalizable. The map studied in this paper is thus a counterexample to 
this conjecture. 
2.A SIMPLE MAP WITH JORDAN BLOCKS 
Consider the three-branch piecewise-linear map defined on the unit interval as 
I 3x9 05x<;, 
S(x) = 
i 
3x - 1, $X<$ (1) 
3 - 3x, ; <X11. 
The map is shown in Figure 1. Each branch maps onto the whole unit interval, so the map is 
Markov, and the absolute value of the slope of all three of the branches has the same value of 3. 
This uniform stretching factor means that the Lyapunov exponent of the map is log 3. 
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Figure 1. The three-branch map with Jordan blocks. 
The Frobenius-Perron operator for this map is given by 
where p(x) is a density with respect to Lebesgue measure. It is clear that U admits polynomial 
eigenstates and by considering its action on monomials, it becomes a triangular matrix, so the 
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eigenvalues are found along the diagonal. Except for the first eigenvalue of 1, the diagonal values 
are found to be two-fold degenerate. The rows and columns of the matrix are labeled beginning 
with zero so as to correspond with the associated polynomial. The diagonal elements at rows 
2n - 1 and 2n, where n > 1, both have the values of 3-2n. 
A suitable biorthonormal basis to begin the construction of the spectral representation of U 
is the basis formed from the eigenstates of the dyadic Bernoulli map. The right-states are the 
Bernoulli polynomials B,(z), defined by the generating function 
pexP -=-g ypn. 
ep - 1 n=O 
The left-states are the generalized functions 
Bn(x) = (-l);-’ [6wyx - 1) - ($yx)] . 
n. 
These are the duals of the Bernoulli polynomials as 
@ix I &n) = J’ dx i$!Jx)B,(x) = 6,,, 
0 
where integration with respect to Lebesgue measure over the unit interval defines the inner 
product. 
The matrix elements of U in the Bernoulli basis are 
where 
I 213 I n,m = 0 dxBm-n(x) + (-IIn li3 d@n--n(x)- 
If n = m, then In,,, = 1 for n even and I,,, = l/3 for n odd. Thus, the diagonal elements of U 
in this basis are 1 
em7n E (B,IU I&J = 
I- 
“,’ 
n even, 
3n+l’ 
n odd, 
where we denote the eigenvalue so as to stress the exponential decay with decay rate yn = n log 3 
if n is even and bin = (n + 1) log 3 if n is odd. The off-diagonal elements with n < m are 
Hence, U is upper-triangular in this basis with even-numbered rows having only the diagonal, 
element nonvanishing. 
We now decompose U into its diagonal part UO and off-diagonal part 6U as 
u = uo + su, 
where 
uo = c IJM (&lU I&) (&I 
n 
= PO) (801 + 2 &v32n-1) @2w4l+ Pzn) (Bznl] 
n=l 
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where n < m due to the upper-triangularity of U. 
Because of the two-fold degeneracy of the diagonal elements, the resolvent of U may have double 
poles. We consider the analytic structure of the resolvent by looking at its matrix elements in 
the Bernoulli basis. It is convenient to expand the resolvent as 
Here we do not need to worry about the convergence of the expansion since all matrix elements 
(&,.,~6Un(Bm~) vanish for n > m’ - m due to the zero diagonal and upper triangularity of 6U. 
In this way, the series in (2) terminates and nonvanishing terms have the form 
We have in (3) that Ii < 12 < . .. < In-i, due to the strict upper-triangularity of t5.U. Since 
there is a twofold multiplicity of the eigenvalues of Uo, the only way we may have a double pole 
in (3) is from transitions in the expansion from one even-order state to a dual state one unit 
lower such as (&-~~W(&~). But, then in general, to the right, the term (&lSUl&) occurs. 
This term vanishes though, since (BnlUIBm) = 0 f i n is even. We do identify a double pole in (3) 
though if m’ is even and L-1 = m’ - 1. 
The double poles in the resolvent imply that U cannot be completely diagonalized in thii basis 
but is only reducible to Jordan block form, with 2 x 2 blocks except for the first eigenvalue of 
one. The spectral decomposition of U is formally thus, 
2k-1) @2k-11 + b2k) @2kI] + I’P2k-1) (@2kl. 
The right-principal vectors satisfy 
Ub’lk-1) = 32k m!- b2k-l), 
Ub2k) = 32” h’ k) + bf-2k-1). 
The left-principal vectors satisfy 
($2k-11 u = & @2k-11 + ($2kl, 
(hkl u = & ($2kl* 
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Figure 2. The three-branch, diagonalizable, incomplete tent map. 
The principal vectors form a complete biorthonormal set as 
A general expression for the principal vectors may be obtained from a systematic method to eval- 
uate the pole contributions from the resolvent. This calculation will be presented elsewhere 191. 
We may easily determine the first few right-states through a direct method. The first four, 
with the coefficient of the highest power of x in the odd-order eigenpolynomials taken to be 1 are 
3 1 
‘p3 (x) =x3--x 32 
2 
+-a:--. 
4 8 
To the even-order right principal vectors may be added, any multiple of the odd-order eigenstate 
with the same eigenvalue. 
It is interesting to compare the map presented above with the three-branch incomplete tent, 
map defined by , 
sT3(x) = 2 - 3X, 
The map is shown in Figure 2. The associated Frobenius-Perron operator is 
uT3+) = ; [P(i) +i+) +p(F)]. 
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Figure 3. Numerical simulation of the correlation function C,,,Q (t). The simula- 
tion was performed by direct calculation of the correlation function from trajectory 
iterates of the map. 
This operator is also upper-triangular when acting on polynomials and has the same diagonal 
elements, including repeated eigenvalues as the map with Jordan block structure we have been 
discussing. But UT~ is completely diagonalizable, as recently obtained [lo] using symmetry 
considerations [ll]. The even-order eigenpolynomials of &-a are Bernoulli polynomials and the 
odd-order eigenpolynomials are Euler polynomials. 
Since &s is completely diagonalizable, the resolvent has only simple poles, in spite of the 
multiplicity of the eigenvalues. This can be verified using an expansion like (3) to study the matrix 
elements of the resolvent of &a. Because the codiagonal matrix elements, (&I& jB,+r), are 
all vanishing, no double poles occur. 
3. CORRELATIONS WITH MODIFIED EXPONENTIAL DECAY 
The Jordan block structure of U found in the previous section means that the even-order 
principal vectors evolve in time as 
Utcp2k(z) = e-Y*ktcp2k(z) + te-Y2k(t-‘)cp2k-l(z). 
In order to see the modified exponential decay on an observable, we may consider the correlation 
of (PZ~(Z) with another polynomial function G(z) as 
= s o1 d2o(Pz+o)G(Q) 
J 
1 
= dW’zk(z) (u+)” G(s) 
0 
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72kt(p2k(x) + te--f2k@-1) 
(~44] G(x). 
Then, by considering a certain function G’L~ (xc>, which is orthogonal to qzk ( X) but not to (P2& l (x) , 
the correlation would show just the te-rzk(t-l) behavior. 
From the explicit forms of cpz(x) and cpl(x) given in the previous section, it is straightforward 
to obtain an appropriate Gz(z) to be -60(x2 - (6/5) ) x , w h ere the factor of -60 is put so that 
the value of the correlation at t = 1 is 1. A numerical simulation by a direct evaluation of the 
correlation C,+,,,Ga(t), from iterates of the map has been performed and the result is shown in 
Figure 3. Initial growth of the correlation is observed. It agrees with the predicted behavior of 
t(1/9)t-‘. The same correlation under evolution of the three-branch incomplete tent map would 
remain at its initial value of zero. 
4. CONCLUDING REMARKS 
The simplest example of a one-dimensional Markov map with a generalized spectral decom- 
position containing Jordan blocks has been given. Until now, systems for which the generalized 
spectral decomposition have been constructed have fallen into two classes. The first class con- 
tains twedimensional maps with unitary Frobenius-Perron operators, which are diagonalizable in 
Hilbert space, but have a generalized spectral decomposition containing Jordan blocks. The sec- 
ond class consists of one-dimensional maps for which no spectral decomposition exists in Hilbert 
space [2-51 but which have diagonal generalized spectral decompositions. The one-dimensional 
map discussed here also does not have a spectral decomposition in Hilbert space, but its gener- 
alized spectral decomposition contains Jordan blocks; thus it falls into a new class. 
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